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Abstract

A major problemin the evolutionarydesignof combi-
nationalcircuits is theproblemof scale. This refers to the
designofelectroniccircuitsin which thenumberofgatesre-
quiredto implementtheoptimalcircuit is toohighto search
thespaceof all designsin reasonabletime, evenby evolu-
tion. Thereasonis twofold: firstly, the sizeof the search
spacebecomesenormousas the numberof gatesrequired
to implementthecircuit is increased,andsecondly, thetime
requiredto calculatethefitnessof a circuit growsasthesize
of thetruth tableof thecircuit.

This paperstudiesthe evolutionarydesignof combina-
tional circuits, particularly the three-bitmultiplier circuit,
in which the basicbuilding blocks are small sub-circuits,
modulesinferred from other evolveddesigns. The struc-
ture of the resultingfitnesslandscapesis studiedand it is
shownthat in general theprinciplesof evolvingdigital cir-
cuitsarescalable. Thustoevolvedigital circuitsusingmod-
ules is faster, sincethe building blocks of the circuit are
sub-circuits rather than two-inputgates. This can also be
a disadvantage, sincethe numberof gatesof the evolved
designsgrowsasthesizeof themodulesused.

1. Intr oduction

The evolution of digital circuits has been intensively
studiedto discerngeneralisable principlesof designand
thus to allow one automaticallyto producelarge and ef-
ficient electroniccircuits. Digital electroniccircuits have
beenevolvedintrinsically [9] andextrinsically [6, 4, 5, 18,
7]. Theformeris associatedwith anevolutionaryprocessin
which eachevolvedelectroniccircuit is built andtestedon
hardware,while the latter refersto circuit evolution imple-
mentedentirelyin softwareusingcomputersimulations.

A majorproblemin theevolutionarydesignof electronic
circuits is theproblemof scale.This refersto thevery fast
growth in the numberof gatesusedin the targetcircuit as
the numberof inputs of the evolved logic function is in-
creased.This resultsin an enormoussearchspacethat is
difficult to exploreevenwith evolutionarytechniques.An-
otherobstaclerelatedto the problemof scaleis of course
the time requiredto calculatethefitnessvalueof a circuit.
This increasesasthe sizeof the truth tableof the evolved
circuit.

A possibleway of tackling the problemof scalein the
evolutionarydesignof electroniccircuits hasbeenstudied
in [20]. The ideawasto evolve electroniccircuits by us-
ing building blocks that are higher functions rather than
two-inputgates.It wasalsoobservedthat theevolutionary
designof circuits is easierwhencomparedwith the origi-
nal scenarioin which thebuilding blocksaremerelygates.
The approachin itself is reasonable,and it hasbeenalso
consideredin [18]. They usedbinarymultiplexersthatare
universal-logicgatesto evolve arithmeticfunctionssuchas
addersandmultipliers.However, to identify suitablebuild-
ing blocksandthusto evolveefficientelectroniccircuitsis a
difficult task.For instance,thedesignof thethree-bitmulti-
plier circuit requiresonly

� �
two-inputgates[28], or alter-

natively � � two-input gatesplus � three-inputbinary mul-
tiplexers [14]. The multiplexer as an universal-logicgate
requiresthree two-input gatesand thereforethe three-bit
multiplier implementedby allowing multiplexersconsists
of
� �

two-inputgates.Of coursetheefficiency of thecircuit
dependsentirelyonone'schoiceof atomicgates.

Theeffort requiredto designanelectroniccircuit canbe
reducedby decomposingthecircuit to sub-circuitsthatare
easierto design,andthento considertheevolvedsolutions
asbuilding blocks.This relatesto theconceptof automati-
cally definedfunctionsstudiedin [11]. It wasshown thatin
generalthemethodproducessolutionsthataresimplerand



smallerthanthe solutionsobtainedwith other techniques.
A similar ideain a slightly differentcontext hasbeenalso
investigatedin [26], andit hasbeenreportedthattheevolu-
tionarydesignof decomposedcircuitsis easier.

To decomposea circuit to smallersub-circuitsthat are
easierto evolve might bea difficult problem.This appears
to bethecasefor thedesignof binarymultiplier circuits. If
theevolvedaddercircuits usethe ripple-carry adderprin-
ciple widely usedin the conventionaldesign,the evolved
multipliersimplementthecorrespondinglogic operationin
a very unusualway [14]. Perhapssuitablebuilding blocks
for theevolutionarydesignof digital circuitscanbeidenti-
fiedby lookingatotherevolveddesigns.Theideahasbeen
suggestedin [14] andit definestheapproachundertakenin
thispaper.

The paperstudiesthe evolutionarydesignof combina-
tionalcircuits,particularlythethree-bitmultiplier circuit, in
which thebasicbuilding blocksaresmall sub-circuitsthat
aremodulesinferred from otherevolved designs. Again,
the evolutionaryalgorithmusedis CartesianGeneticPro-
gramming[13, 17] sinceit allowsto embedmodulesof any
sizewithin thegenotype.Thescaledevolutionarydesignof
thethree-bitmultiplier is furtherconsideredasa searchon
a fitnesslandscape[8], andthusit is shown that the prin-
ciples of evolving this digital circuit [29, 31, 30, 14] are
scalable. To evolve digital circuits using bigger building
blocksis faster, however this is alsoa disadvantage,since
thenumberof gatesof theevolveddesignsgrowsasthesize
of themodulesused.It is arguedhowever thattheresulting
redundancy will be less,if the building blocksusedin the
scaledevolution of digital circuitsaredefinedwith respect
themodularityof evolveddesigns.This is supportedby the
resultsreportedbelow.

2. CartesianGeneticProgramming

The evolutionaryalgorithmusedin the designof digi-
tal circuits is that adoptedin the framework of Cartesian
GeneticProgrammingin which the genotypesare rectan-
gular arraysrather than treesas definedin GeneticPro-
gramming[10]. The computationalmodel hasbeenpro-
posedin [13, 17, 14], simplified forms of which can be
tracedback to earlier attemptsof evolving electroniccir-
cuits [12, 18, 25, 16, 15]. The computationalmodel has
somesimilaritieswith othergraphbasedformsof Genetic
ProgrammingsuchasParallelDistributedGeneticProgram-
mingproposedby [21], andrepresentsadataflow graph[2].

2.1. The Evolutionary Algorithm

Thealgorithmdealswith a populationof programsthat
areinstancesof a particularprogram.Thepopulationcon-
sistsof ���
	 genotypes.Initially theelementsof thepopu-

lation arechosenat random.Oncethefitnessvaluesof the
genotypesareevaluateda mechanismof populationupdate
is applied. The mechanismof updateis implementedby
truncationselectionandmutationthathassimilaritieswith
other evolutionary techniquessuchas � ���	�� Evolution
Strategy [22, 1] and the BreederGeneticAlgorithm [19].
To updatethe population,themutationoperatoris applied
to thefittestgenotype,andhence,anoffspringis generated.
The offspring togetherwith the parentconstitutethe new
population. The mutationoperatoris definedas the per-
centageof genesin a single genotypethat are to be ran-
domly mutated.Thepercentageusuallyis chosento result
in about� mutatedgenespergenotype.

2.2 The Genotype-PhenotypeMapping

To encodea program into a genotype,a genotype-
phenotypemappingis defined.This is donevia rectangular
arrayof nodesthat may have multiple inputsandoutputs.
The nodes(cells) representatomic functions,for instance
OR, NOT, AND, etc. In generalthearrayconsistsof �����
nodes,��� inputs,and ��� outputs.The inputsof thearray
aretheinputsof therepresentedphenotypethatimplements
the target function. Alternatively, the outputsof the array
representtheoutputsof thephenotype.Theinputsandthe
outputsof thearraytogetherwith theinputsandtheoutputs
of thenodesareindexedby integersandthustheroutingof
thearrayis defined.

Theroutingis completelydefinedby theinternalconnec-
tivity andtheoutputconnectivity of thearray. Theinternal
connectivity is specifiedby theconnectionsbetweenthear-
ray cells. The inputs of eachcell areonly allowed to be
inputsof thearrayor outputsof thecellswith lowercolumn
numbers.The internalconnectivity is alsodependenton a
levels-back parameterthat determinesthe arrayinputsand
cells to which a cell or an arrayoutputcanbe connected.
Thelevels-backparameteris definedwith respectthelayout
of thearray. Let � denotethelevels-backparameter. Then
cellscanbeconnectedto cells from � precedingcolumns.
If thenumberof precedingcolumnsof a cell is lessthan �
thenthecell canalsobeconnectedto theinputsof thearray.

Thearrayoutputconnectivity is definedin asimilarway.
Theoutputconnectionsof thearrayareallowedto beout-
putsof cellsor arrayinputs.Again,this is dependentonthe
neighbourhooddefinedby the levels-backparameter. An
illustrationof thearrayof nodesis givenin Figure1.

Thegenotypeis a linearstringof integersandit consists
of two differenttypesof genesthatareresponsiblefor the
functionalityandthe routing of the evolvedarrayof cells.
Hence,thegenotypeis definedby four parametersof thear-
ray: thenumberof allowedatomicfunctions,thenumberof
rows,thenumberof columns,andthelevels-back.Thefirst
parameterdefinesthe functionality of cells, while the lat-
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Figure 2. The genotype with respect the array
of cells (nodes) from Figure 1.

ter threeparametersdeterminethelayoutandtheroutingof
thearray. Notethatthenumberof inputsandoutputsof the
arrayarespecifiedby theobjectivefunction.Thenodefunc-
tionsarerepresentedby lettersassociatedwith theallowed
cell functionality. The connectionsaredefinedby indexes
thatareassignedto all componentsof thearray, particularly
thearrayinputsandthenodeoutputs.Supposethearrayas
givenin Figure1 consistsof cellseachof which is a func-
tion with � inputsand � outputs.Thenthe � � � arrayinput,�! 

, is labelledwith �!"$# for #�%�
%'&�( , while the � � �
outputof cell ) * + is labelledwith an integer given by the
following expression

&�(-,$. /0"1# 2 � &!,$. 34"1# 2 �5,1��"1# (1)

for #�%$36%$& , #7%1/�%$8 , and #�%9�:%9� . Thegenotype
consistsof groupsof ��,$# integersthatencodethecellsof
thearray, followedby a sequenceof integersthatrepresent
the indexesof the cell outputsconnectedto the outputsof
thearray. Thefirst � valuesof eachgrouparetheindexesof
thenodeoutputsto which theinputsof theencodedcell are
connected.Thelastintegerof thegrouprepresentsthefunc-
tion of thenode.Thegenotyperepresentationis illustrated
in Figure2. The genesaredepictedwith filled rectangles
thatdiffer from eachotherin fill intensity. Thedarkestrect-
anglesrepresentthegenesresponsiblefor thefunctionality
of the logic cells, the lessdark arethe genesfor the array

outputconnections,andtheleastdarkarethegenesfor the
internalconnectivity.

3. Evolving Digital Cir cuits and Modules

The genotype-phenotypemappingallows to encodea
digital combinationalcircuit into a genotypeand thus to
evolve novel andefficient designs.Basically, thecircuit is
treatedasa graphbasedcomputationalmodelin which the
nodesare three-inputlogic cells eachof which represents
eithera two-inputlogic gateor anuniversal-logicgate(2-1
binarymultiplexer). Thusthe genotypeconsistsof groups
of ; integersthatencodethecellsof thearray, followedby
asequenceof integersthatrepresenttheindexesof thecells
connectedto theoutputsof thearray. Thefirst < valuesof
eachgrouparetheindexesof thecellsto whichtheinputsof
theencodedcell areconnected,while thelastintegerof the
grouprepresentsthelogic gate.Thefitnessof agenotypeis
thenumberof correctoutputbits.

Theallowedlogic gatesusedin theevolutionarydesign
of three-bitbinary multiplier circuits areAND, AND with
oneinput inverted,andXOR. Thesearereferredto asgates=
, > , and # ? , respectively. Themostefficientevolveddesign

consistsof @ < two-inputgatesthat is @ < A < B moreefficient
thanthemostefficient conventionaldesign.Many @ < gates
solutionswerefound,andit wasrevealedthatthey arevery
similar in construction.Oneof themis shown in Figure3.
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Figure 3. An evolved three-bit multiplier cir-
cuit. The circuit consists of @ < two-input
gates: AND, XOR, and AND with one input in-
verted.

A simpleobservationof the evolved @ < gatessolutions
revealedthat therearesub-circuitsthat are typical for the
designs(seealso[14, 28]). Thesearereferredto asmodules
andthey canbeclassifiedin threegroups.Thefirst group
representsthe two-inputgates.The secondgroupconsists
of all possiblesub-circuitsof threegatesin whichtheoutput



of themoduleis takenfrom agatewith inputsconnectedto
theothertwo gates.An exampleof suchismoduleC�DEC�D0F G
shown in Figure 3. The last group consistof two types
of sub-circuits. Theseare referredto asmodulesH6I and
H6J (Figure3) andthey representlogic functionsthat have
severaldifferentcircuit implementations.The instancesof
modulesHEI and H5J encounteredso far areshown in Fig-
ures4 and5, respectively. Theoutputsof module H6I are
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Figure 4. Logically equivalent sub-circuits for
module H6I .
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Figure 5. Logically equivalent sub-circuits for
module H5J .

givenby thefollowing logic expressions

K L0MON�L5P�N I P�N J (2)

and

Q F R K I M Q N�L5P
N I R4S N I P
N J (3)Q T R K I M Q N�L5P
N J R4S N I P
N JQ U R K I M Q N�L5P
N I R4S Q N�L5P
N J R
where“

P
” is XOR, “ S ” is AND, and the bar is inversion.

Notethatthelogic functionsof output
K I aredifferent,how-

everembodiedin thethree-bitmultiplier they representlog-
ically equivalentsub-circuits.Theoutputsof moduleH5J are
givenby equation2 and

Q F R K I MON I-S Q N7L5P�N J R (4)Q T R K I MON I-S N7L5P�N I P
N J V
Onceagain,output

K I is implementedin twodifferentways.
Thelogic equivalency is tobeexpectedsincethisis oneway

to avoid the destructive effect of the non-beneficialmuta-
tionsduringtheevolutionarysearch.Thisis anadvantageof
theevolveddesignssincethey arecharacterisedwith fault
tolerance.

4. EmbeddingModuleswithin the Genotype

Thereare two main obstaclesthat one may encounter
when attemptingto encodethe moduleswithin the geno-
typeandthusto evolvewith biggerbuilding blocks.Firstly,
themoduleshave differentnumbersof inputsandoutputs.
Secondly, theevolveddesignsarecharacterisedwith avery
high degreeof reuse. The latter refersto casesin which
inputsof two or moregatesareconnectedto onepreced-
ing gate. A possiblesolution to theseproblemsis to de-
fine the building blockswith respectto the moduleswith
highernumbersof inputsandoutputs.In additionthenum-
berof outputsof eachbuilding block mustbehigh enough
to allow the reuseof gatesfrom insidethe block. This is
illustratedin Figure6. Thefigurerepresentsthreeexamples

(a) (b) (c)

Figure 6. The building blocks and the three
types of modules.

of building blockseachof which embodiesa modulefrom
a particularclass. Thusthe block in Figure6a represents
module F G that is a two-input gate,theblock in Figure6b
is module C7D9W7D'F G sinceit consistsof gatesC , W , and
F G , andlastly, the block in Figure6c is module HEI that is
an instancefrom thethird groupof sub-circuits(Figure4).
Notethat theblock shown in Figure6b allows to reusethe
two-inputgatesfrom insidethemodule.

The building blocks are four-input cells that can be
arrangedin a rectangulararray, and thus, by using the
genotype-phenotypemappingdescribedin section2 to con-
structthenew genotype.Theallowedatomicfunctionsused
in this approacharegivenin Table1. Themutationresults
in threerandomlymutatedgenespergenotype.Again the
fitnessof a genotypeis the numberof correctoutputbits.
This is scaledin the interval X G Y F Z . In theexperimentsbe-
low, thearrayconsistsof F�[1F \ cells,andthe levels-back
parameteris setto F \ , andthetargetcircuit is thethree-bit
multiplier.



Letter Module] ]
^ ^
_ ` _ `
a _ ]Eb�]Eb ^
a a ]Eb�]EbO_ `
a c ]Eb1_ `Eb1_ `
a d ]Eb ^ bO_ `
e _ f6g
e a f5h

Table 1. The atomic logic functions (modules)
used.

5. LandscapeStructure and Search

Theresultingfitnesslandscapeis a productof threesub-
spaceswith differentcharacteristics.Thesearethefunction-
ality, internal connectivity, and output connectivity land-
scapes. Hencethe underlying graph is the Generalised
Hamminghypercube,a productof the threeconfiguration
spaces.The landscapeis statisticallynon-isotropic. This
was revealedby measuringthe autocorrelationfunctions
from differentstartingpoints. The landscapestructureis
studiedon

_ i ` ` `
randomwalks with length

_ ` ` i ` ` `
per

configurationspace.The startingpointswerechosenran-
domlywith fitnessvaluesuniformly distributedin theinter-
val j ` k d$lE_ m . Thus

_ i ` ` `
time seriesweregeneratedfor

eachfamily of landscapes.It is importantto notethateach
randomwalk wasperformedwith respectthe studiedsub-
space.

5.1. Corr elation Analysis

Thecorrelationstructureof thelandscapeis investigated
by measuringthe autocorrelationfunctionsof time series
sampledon randomwalks [32, 23]. The autocorrelation
functionof timeseriesn o p q rp s�t is givenby

u�v w x-y f j o p o p z|{ m�b�f j o p m f j o p z|{ m} j o p m (5)

where
f j o p m and

} j o p m aretheexpectationandvariance,re-
spectively. Themeasuredautocorrelationsareshown in Fig-
ure7. Thefigurerepresentstheaverageautocorrelationsof
functionality, internalconnectivity, andoutputconnectivity
landscapesthat resultedfrom onepointmutation,and the
correspondingstandarddeviations.Theresultsaredepicted
with scaledHammingdistance,~ � � , in thesamemanneras
wasdonein [24].

The figure reveals that the output connectivity land-
scapesare smootherand the internal connectivity land-
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Figure 7. Correlation structure: (a) average
autocorrelations, and (b) standard deviations
with scaled distance of (1) functionality, (2)
internal connectivity, and (3) output connec-
tivity landscapes.

scapesaremoreruggedthanthe functionality landscapes.
Thisimpliesthatthestructureof theinvestigatedlandscapes
is similar to the landscapestructurestudiedin theoriginal
scenario[29]. Whencomparingthe plots of the autocor-
relationfunctionsfor the two cases,non-scaledandscaled
evolutionarydesigns,onemaynoticethat theplots for the
internalandoutputconnectivity landscapesarevirtually the
same. However, this is not the casefor the functionality
landscapes.In the new scenarioinvestigatedin this paper,
thefunctionalitylandscapesaresmoother. This impliesthat
by usingbuilding blocksinferredfrom evolveddesignsone
may improvetheevolutionarysearch.

The plots of the standarddeviations reveal how the
functionality, internalconnectivity, andoutputconnectivity
landscapesarerelated.Againtheresultimpliescertainsim-
ilarities betweenthe two scenarios.Thefigure revealsthat



thesmoothestsubspaceis lessdependentonthestructureof
theothertwo landscapes.However, thestandarddeviations
for themostruggedsubspace(thatis theinternalconnectiv-
ity landscape)differ from the correspondingresult for the
non-scaledevolutionarydesign. The amplitudespectraof
the landscapeswere also measuredand it was found that
the numberof classesof the amplitudespectraof internal
connectivity landscapesis lessthanthe numberof classes
identifiedfor thefunctionalitylandscapes.Howeverthisdi-
vergencefrom the original scenariois slight and it might
becausedby thechangesin thearraylayoutandthelevels-
backparameter.

5.2. Inf ormation Structur e
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Figure 8. Information structure: (a) informa-
tion function �!� � � � , and (b) information func-
tion ��� � � � of (1) functionality, (2) internal con-
nectivity, and (3) output connectivity land-
scapes.

Theinformationstructureis studiedby measuringthein-
formationcharacteristicson threerandomwalks,a random
walk perconfigurationspace.It hasbeenshown thatthein-
formationanalysiscanrevealaspectssmoothness,rugged-
ness,andneutralityof landscapes[27, 14], andit is imple-
mentedby measuringtheinformationfunctions �7� � � � and
��� � � � associatedwith the first and secondentropicmea-
suresrespectively (see[14]). The measuredfunctionsare
depictedin Figure8.

The figure revealsthat the structureof the fitnessland-
scapesfor both scenarios,non-scaledand scaledevolu-
tionary designs,have great similarities. The landscapes
arecharacterisedwith neutralityandsharplydifferentiated
plateaus.Again, the neutralityprevails over the landscape
smoothnessandruggednessonly for internalconnectivity
subspaces.Theoutputconnectivity landscapesarecharac-
terisedwith lessneutralitythanthe functionalityandinter-
nalconnectivity landscapes.

6. Evolvability and Efficient Designs

Thusfar the resultsimply that in generalthe principles
of evolving digital circuitsarescalable.Thereforeto evolve
the three-bitmultiplier is expectedto be easiersincethe
building blocksarebigger[20]. This is revealedby com-
paring typical evolutionary runs for the two scenariosof
evolving thethree-bitmultiplier. Thescaledevolutionis im-
plementedonanarrayof �5�:� � cellsandlevels-backsetto
� � . Theallowedatomicfunctionsaretheselistedin Table1.
Thenon-scaledevolution thatis theoriginalscenariois im-
plementedonanarrayof �5�!� � cellsandlevels-backequal
to � � . The allowed functionsare � , � , � � , and � � where
� � is a binarymultiplexer. Themultiplexer is theuniversal-
logic gate � �4� ��� � � � �7���!� �6�$�E� � asgiven in [3]. The
first evolutionaryrungaveasolutionin generation� � � � � � �
while thesecondin generation� � � � � � � � � . Thebestfitness
plotsof therunsaredepictedin Figure9. In termsof num-
berof generationsrequiredto evolve thecircuit, thescaled
evolutionarydesignappearedto beapproximately� � times
moreefficient.

The improvementis significanteven for scaledevolu-
tion. Note that thebuilding blocksareslightly biggerthan
thecells in theoriginal scenariowherebinarymultiplexers
wereused. Thesehave threeinputsandoneoutput,while
the cells in the scaledscenariohave four inputsandthree
outputs.Possiblereasonsfor this significantimprovement
are the following: firstly, the building blocks are chosen
from evolveddesigns,andsecondly, they allow thereuseof
gatesfrom insidethemodules.Thesecharacteristicsof the
building blocksdefinean importantadvantagein the new
scaledscenario.Thisconcernstheissueof theefficiency of
theevolveddigital circuit in termsof numberof two-input
gatesused.Themostefficient three-bitmultiplier evolved
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Figure 9. Typical evolutionary runs for the two
scenarios: (a) scaled, and (b) non-scaled evo-
lutionary designs of the three-bit multiplier
circuit.

with binary multiplexersconsistsof �   two-inputsplus ¡
multiplexersthatresultsin exactly ¢ £ two-inputgates[14].
However, thedesignobtainedin thescaledevolutionaryrun
consistsof ¤ ¡ two-inputgates(Figure11). Thisimpliesthat
the moduleschosenin this approachallow one to evolve
moreefficientdesignsfor thethree-bitmultiplier.

Many evolutionaryrunswereperformed.Themosteffi-
cientdesignobtainedthusfar wasthecircuit given in Fig-
ure11. Althoughthecircuit is moreefficient thanthecon-
ventionaldesign,it is still far away from theoptimalsolu-
tion for the three-bitmultiplier evolved in [28] (Figure3).
A simplestudyof thestructureof theevolveddesignleads
to anastonishingconclusion.Evolutionbuilds thethree-bit
multiplier by assemblingthe building blocksagain,disre-
gardingthefact that thesearealreadyavailable! This is il-
lustratedin Figure10. Thedepictedcircuit is takenfrom the

2

0P
0B

B2

P

Figure 10. A sub-circuit taken from the
evolved three-bit multiplier shown in Fig-
ure 11.

evolvedthree-bitmultiplier shown in Figure11. Theshad-
owedgatesillustratehow evolutionbuilds a half of module¥E¦

(Figure4). Of coursethis resultsin theusageof some

extra gatesfor implementingtheotherhalf of the module.
This canalsobe observed in the remainderof the circuit.
For instance,module

¥6¦
is usedin the implementationof

module
¥5§

. Theoverlappingandthestrangereuseof mod-
ules are inevitable in the scaleddesignof digital circuits
andthey canonly be avoidedby identifying modulesthat
aresuitablefor evolution. Suchmodulescanbediscerned
from evolvedcircuitsby studyingtheprinciplesof building
thelogic operationof thecircuits.

7. Conclusions

Largedigital circuitsaredifficult to evolve. A possible
wayto solvethisproblemof scaleis to uselargercircuitsas
basicbuilding blocksandthustoevolvebiggercircuits.The
mainadvantageof thisapproachis thatdigital circuitswith
scaledbuilding blocksareeasierto evolve. The reasonis
of coursethebiggersizeof blocksused.Thepapershowed
that thestructureof theresultingfitnesslandscapesis sim-
ilar to the landscapestructuredefinedin the evolutionary
designwith two-input gates. This implies that the princi-
plesof evolving digital circuitsarescalable,andtherefore,
theeffort requiredto evolvecircuitsof ¨ blocksis invariant
to thesizeof theblocks.

Themajorimpedimentin scalingtheevolutionarydesign
of digital circuits is theunderstandinghow to definebuild-
ing blocksthataresuitablefor evolution. Thisproblemwas
easilysolvedin thecaseof binaryaddercircuits[14]. It was
foundthata largeefficient addercanbedesignedby using
adderof smallersizeasbuilding blocks.However, thisdoes
not appearto be thecasefor thebinarymultiplier circuits,
particularlythethree-bitmultiplier.

In the conventionaldesignthe multiplier canbe easily
built by applying the cellular multiplier principle of con-
structing multiplication by binary adders. However, the
evolvedsolutionsfor this combinationalcircuit differ from
theconventionaldesign.Themultiplier circuit designedby
evolution doesnot use addersand multipliers of smaller
size. Therefore,to definesuitablemodulesfor the design
of this particularcircuit is a very difficult task.Perhapsthe
efficient multiplier is a basiccomputationalunit that is im-
possibleto representby smallerblocks. Thequestionthat
ariseshereis how to scalethe evolutionarydesignof this
arithmeticcircuit?Theanswerisprobablyinsidethecircuit,
in theevolutionaryprinciple of multiplication. In itself the
problemdoesnotconcernonly themultiplier circuit design.
Thereareprobablyotherarithmeticandlogic functionsfor
which themostefficient designscannotbedecomposedto
sub-circuits.Theseareall questionsfor futureresearch.
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Figure 11. A three-bit multiplier circuit obtained by evolving evolvedmodules.
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